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LOCAL WEAK LIMITS OF LAPLACE EIGENFUNCTIONS
MAXIME INGREMEAU
Abstract. In this paper, we introduce a new notion of convergence for the Laplace eigenfunctions
in the semiclassical limit, the local weak convergence. This allows us to give a rigorous statement
of Berry’s random wave conjecture. Using recent results of Bourgain, Buckley and Wigman,
we will prove that some deterministic families of eigenfunctions on T2 satisfy the conclusions of
the random wave conjecture. We also show that on an arbitrary domain, a sequence of Laplace
eigenfunctions always admits local weak limits. We explain why these local weak limits can be a
powerful tool to study the asymptotic number of nodal domains.
1. Introduction
In his seminal paper [Ber77], Berry suggested that high-frequency eigenfunctions of the Laplacian
in geometries where the classical dynamics is sufficiently chaotic (for instance, negatively curved
manifolds) should behave like random combinations of plane waves. This heuristics, known as the
random wave model (RWM), has led to many conjectures concerning the Lp norms, semiclassical
measures or nodal domains of chaotic eigenfunctions. Several of these conjectures have been checked
numerically ([HR92], [AS93], [BSS98], [Bar06]) or experimentally ([KHSG07]). However, it is not
clear how Berry’s general idea should be formulated in a rigorous way: saying that a sequence
of deterministic objects behave asymptotically in a random way can be interpreted in different
ways. The reader can for instance refer to [RS94], [Zel10] and [Non13] for different mathematical
perspectives on Berry’s conjecture.
In this paper, we introduce another interpretation of Berry’s random waves conjecture by asso-
ciating to a sequence of Laplace eigenfunctions a sequence of measures on an abstract Polish space,
which we call local measures. We show that we may always extract a subsequence of local measures
which will converge. The limit, which we name a local weak limit of the sequence of eigenfunctions,
is a measure on the space
(1) FP (d) := {u ∈ C∞(Rd) such that −∆u = u},
whose topology is given by the distance
d(f, g) := sup{r > 0; sup
|x|<r
|f(x) − g(x)| < r−1}.
More precisely, let Ω be an open set in Rd, or Ω = Td, and φn be an orthonormal sequence of
real-valued eigenfunctions of the Dirichlet Laplacian on Ω, satisfying
−h2n∆φn = φn.
For any U ⊂ Ω open, we will define σU (φn), a set of measures on FP (d) to be the set of accumulation
points of ((φn)|U ) for the topology of local weak convergence, which we introduce in Section 2. We
will show that for any sequence (φn), σU (φn) is never empty.
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Local measures and local weak limits are quite technical to introduce, and we defer their pre-
cise definition to the next section. However, the idea behind is rather simple. A solution to
−∆φn = λ2nφn, when rescaled to a ball B(x0, Rhn), will resemble an element of FP (d). The local
measure associated to φn will somehow ”count how many times we will resemble a given element of
FP (d) when varying the point x0 in U”. The notion of local weak convergence we introduce here
was inspired by local weak convergence of graphs, also known as Benjamini-Schramm convergence
([BS01]).
Local weak convergence of eigenfunctions allows us to give a rigorous statement of Berry’s con-
jecture about Laplace eigenfunctions in chaotic billiards. We refer the reader to [CM06] for the
definition and examples of chaotic billiards. Note that, on random regular graphs, a weak version
of Berry’s conjecture was proven in [BS16].
Random Gaussian Fields as Local Weak Limits and Berry’s conjecture. The isotropic monochro-
matic Gaussian random field FBerry : R
d → R is uniquely defined as the centred stationary Gaussian
random field, with covariance function
E[FBerry(x)FBerry(x
′)] =
∫
Sd−1
ei(x−x
′)·θdθ.
We refer the reader to [Abr97] for more details on Gaussian random fields.
In dimension 2, FBerry can alternatively be defined, in polar coordinates, as
(2) FBerry(r, θ) =
∑
n∈Z
CnJ|n|(kr)einθ ,
where Jn is the n-th Bessel function, and where (Cn)n∈Z are standard complex Gaussians, inde-
pendent except for the fact that C−n = Cn.
Almost surely, FBerry is an element of FP (d), so that, if A ⊂ FP (d) is a measurable set,
P(FBerry ∈ A) is well-defined, and
µBerry : A 7→ P(FBerry ∈ A)
defines a measure on FP (d).
Conjecture (Berry’s Random Wave Conjecture). Let Ω ⊂ Rd be a chaotic billiard, and let (φn)
be an orthonormal sequence of real-valued eigenfunctions of the Dirichlet Laplacian in Ω. Then
σΩ(φn) = {µBerry}.
An analogous statement of Berry’s conjecture on manifolds of negative curvature was given in
[ALM18]. The point of view of the authors of [ALM18] is rather different and complementary to
ours (very geometric and probabilistic, while ours is much more functional analytic), and we find
it very interesting.
Consequences of Berry’s conjecture. In section 5, we will state several consequences of our interpre-
tation of Berry’s conjecture. If (φn) is a sequence of eigenfunctions such that σΩ(φn) = {µBerry},
then
• φn satisfies quantum unique ergodicity (see section 5.2).
• The number of nodal domains of φn grows at least as cNSh−dn , where cNS is the Bogomolny-
Schmit constant, or Nazarov-Sodin constant, which was introduced in [BS02] and [NS09]
(see section 5.3). One would expect a corresponding upper bound. We could only show it
in dimension 2, for analytic domains (where we have a bound on the nodal length given
by Yau’s conjecture). We believe that local weak limits are a powerful tool to study lower
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bounds on the number of nodal domains of eigenfunctions, even in the situations where the
limit measure is not µBerry: see the discussion at the end of 5.3.
• We have ‖φn‖L∞ −→
n→+∞
+∞. However, we cannot obtain upper bounds on ‖φn‖L∞ . Indeed,
local weak limits capture how eigenfunctions look like on typical sets (i.e., on sets of large
measure). But the places where the eigenfunctions are very large are not typical at all, so
they disappear in the limit.
Other interpretations of Berry’s conjecture led to upper bounds on ‖φn‖L∞ which were logarith-
mic in hn (see for instance [Non13, §4] and the references therein). However, we know since [RS94]
that on some compact hyperbolic manifolds of dimension 3, no such upper bound hold. This has
led the authors of [RS94] to say that the eigenfunctions on such manifolds did not satisfy Berry’s
conjecture; one could hence think that Berry’s conjecture should only hold on generic manifolds
of negative curvature. However, since our interpretation of Berry’s conjecture does not contradict
the results of [RS94], we believe it should hold on any manifold (or billiard) whose geodesic flow is
chaotic.
Random wave model for deterministic toral eigenfunctions. The methods introduced by Bourgain,
Buckley and Wigman in ([Bou14], [BW16]) to study the number of nodal domains allow to prove
that certain deterministic families of eigenfunctions on T2 satisfy the conclusion of Berry’s conjecture
(although no chaotic dynamics in present here).
On T2 = R2\Z2, the eigenvalues of the Laplacian are the numbers (4π2En)n∈N, where En is the
increasing sequence of numbers such that
EEn := {ξ ∈ Z2; |ξ|2 = En}
is non-empty. For such an En, an associated eigenfunction is given by
(3) fn(x) :=
1
|EEn |1/2
∑
ξ∈En
e2iπx·ξ.
Theorem 1. There exists a density 1 sequence nj such that we have
σT2(fnj ) = {µBerry}.
Actually, this theorem holds for eigenfunctions which are more general than (3). The precise
assumptions we need are given in Hypothesis 1, in Section 4. Note that the methods of [Bou14] and
[BW16] are only valid in dimension 2, and we don’t know if the statement remains true in higher
dimensions.
Organisation of the paper. In Section 2, we give the definition of local measures and local weak
limits of eigenfunctions. We prove that a sequence of local measures of eigenfunctions always has
a converging subsequence, which converges to a local weak limit. We then give some elementary
examples of computations of local weak limits. In Section 3, we give some criteria to identify the
local weak limits of a sequence of eigenfunctions. In Section 4, we prove a more precise version of
Theorem 1. Finally, in Section 5, we explain several consequences of our interpretation of Berry’s
conjecture.
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Le Masson, S. Nonnenmacher and A. Rivera for their interest in our work and for useful discussion.
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2. Construction of local weak limits
2.1. A convenient topology on Ck(Rd). Let d ≥ 1, k ∈ N. If f, g ∈ Ck(Rd), we shall write
dk(f, g) := sup{r > 0; ‖f − g‖Ck(B(0,r)) < r−1}.
Proposition 1. For all k ∈ N, the space Hkd := (Ck(Rd),dk) is a Polish space, i.e. a separable
and complete metric space.
Proof. It is clear that dk defines a distance on C
k(Rd). For each r > 0, the space Ck(B(0, r−1))
is separable, so Hkd is separable as well. Finally, if (fn) is a Cauchy sequence in Hkd, then for each
r > 0, it is a Cauchy sequence in Ck(B(0, r−1)), so that it must converge in Ck(B(0, r−1)). From
this, we see that (fn) converges in Hkd . 
For notational convenience, if k = −1 or k = −2, we also set
dk(f, g) := sup{r > 0; ‖f − g‖Hk(B(0,r)) < r−1}.
We then have that Hkd := (Hkloc(Rd),dk) is a Polish space.
Consider a sequence a = (an) ∈ NN. We shall write
Hk+1d (a) := {f ∈ Ck+1(Rd) such that ∀n ∈ N, ‖f|B(0,n)‖Ck+1(B(0,n)) ≤ an}.
Lemma 1. Let k ∈ N, and a ∈ NN. The space Hk+1d (a) is relatively compact in Hkd.
Proof. Let (fn) ∈ Hk+1d (a). For each ℓ > 0, by the Arzela`-Ascoli Theorem, a ball in Ck+1(B(0, ℓ))
can be compactly embedded in Ck(B(0, ℓ)). Therefore, we may extract a subsequence of fn which
converges in Ck(B(0, ℓ)). By a diagonal extraction, we may find a subsequence of fn which converges
in Ck(B(0, ℓ)) for all ℓ > 0. Therefore, this subsequence converges in Hkd . 
We shall denote by Hk+1d (a) the completion of Hk+1d (a) with respect to the Hkd topology. By
the preceding lemma, it forms a compact metric space.
In the sequel, if k ∈ N, we shall denote by Mkd the Banach space of finite signed measures on
Hkd , and by Ckd the space of bounded continuous functions on the metric space Hdk.
The space of free eigenfunctions. Recall that the space FP (d) was defined in (1).
Lemma 2. For each k ∈ N, FP (d) is a closed subset of Hkd. In particular, FP (d) is a Polish
space.
Proof. Note that FP (d) is included in each of the Hkd . Let us check that it forms a closed subset.
Let fn ∈ FP (d) converge to some f ∈ Hkd . We then have
−∆(fn − f) = ∆f + fn.
We have that −∆(fn − f) converges to zero in the Hk−2d topology. Therefore, fn converges to
−∆f in the Hk−2d topology. By uniqueness of the limit, we must have −∆f = f . 
Note that if k, k′ ∈ N, then dk and dk′ are topologically equivalent on FP (d). In the sequel,
FP (d) will always be equipped with the topology induced by the distances dk.
Let us write Cb(FP (d)) for the space of bounded continuous functions on FP (d), equipped with
the sup norm. We shall writeMd for the Banach space of finite signed measures on FP (d). We shall
also write
(Cb(FP (d)))∗ for the topological dual of Cb(FP (d)). Note that Md  (Cb(FP (d)))∗.
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By Tietze’s extension lemma, we may find a continuous linear map ιk : C(FP (d)) −→ Ckd such
that
(4)
ιkΛ|FP (d) = Λ
‖ιkΛ‖Ck
d
= ‖Λ‖Cb(FP (d).
(see for instance [Dug51, §5] for the fact that we may take ιk linear and continuous.)
2.2. Construction of local measures. In the sequel, we will fix Ω ⊂ Rd a bounded open set, or
Ω = Td. Consider a sequence φn ∈ C∞(Ω;R) with ‖φn‖L2 = 1, and a sequence hn > 0 going to
zero such that
(5)
−h2n∆φn = φn
φn|∂Ω = 0 if Ω ⊂ Rd.
Let us fix χ ∈ C∞c ([0,∞); [0, 1]) a decreasing function taking value one in a neighbourhood of
the origin and vanishing outside [0, 1]
Definition 1. If x0 ∈ Ω and n ∈ N, we define a function φ˜x0,n ∈ C∞c (Rd) by
φ˜x0,n(y) := φn
(
x0 + hny
)
χ
( hn|y|
d(x0, ∂Ω)
)
if Ω ⊂ Rd, and
φ˜x0,n(y) := φn
(
x0 + hny
)
if Ω = Td.
Note that we have
(6) dk
(
(−∆− 1)φ˜n,x0 , 0
)
= Ox0(hn).
For each k ∈ N, n ∈ N, for each x0 ∈ Ω, we have φ˜x0,n ∈ Hkd , so that we may define δφ˜x0,n ∈M
k
d.
For each n ∈ N, k ∈ N and each open set U ⊂ Ω, we then define the Hk-local measure of φn on U
as
LMk,U (φn) :=
Vol(Ω)
Vol(U)
∫
U
dx0δφ˜x0,n
.
This defines a probability measure in Mkd.
We also define LM ιkk,U (φn) ∈
(Cb(FP (d)))∗ by
∀F ∈ Cb(FP (d)), 〈LMU (φn), F 〉 = 〈LMk,U (φn), ιkF 〉.
2.3. Definition and properties of local weak limits.
Lemma 3. For any open set U ⊂ Ω and any k ∈ N, the sequence LMk,U (φn) is tight in Mkd, i.e.,
∀ε > 0, there exists a compact set Kε ⊂ Hkd such that LMk,U (φn)(Hkd\Kε) < ε for all n ∈ N.
Proof. Let ε > 0, and let us write Ωε := {x ∈ Ω; d(x, ∂Ω) < ε} if Ω ⊂ Rd, Ωε = ∅ if Ω = Td. We
have Vol(Ωε) = oε→0(1).
Let ℓ ∈ N. There exists N(ε) such that n ≥ N(ε) and all x0 ∈ Ω\Ωε, we have for all α ∈ Nd and
all y ∈ B(0, ℓ):
(7)
(
∂αφ˜x0,n
)
(y) = h|α|n
(
∂αφn
)
(x0 + hny).
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Now, we have for all n ≥ N(ε)∫
Ω\Ωε
dx0‖φ˜y0,n‖2Hk+1(B(0,ℓ)) ≤ C(k)
k+1∑
j=0
∫
Ω\Ωε
dx0
∫
B(0,ℓ)
dy|(∆j φ˜y0,n)(y)|2
= C(k)
k+1∑
j=0
∫
B(0,ℓ)
dy
∫
Ω\Ωε
dx0h
4j
n |
(
∆jφn
)
(x0 + hny)|2 by (7)
= C(k)
k+1∑
j=0
∫
B(0,ℓ)
dy
∫
Ω\Ωε
dx0|φn(x0 + hny)|2
≤ C(k)
k+1∑
j=0
∫
B(0,ℓ)
dy
∫
Ω
dx0|φn(x0 + hny)|2
= C(k)(k + 1)Vol(B(0, ℓ)).
Set a(ℓ; ε) := ε−12ℓVol(Ω)C(k)(k + 1)Vol(B(0, ℓ)). By Markov’s inequality, we deduce that
∀n, ℓ ∈ N, ∃Vε(n, ℓ) ⊂ Ω\Ωε with Vol(Vε(n)) < 21−ℓε such that ∀x0 ∈ Ω\(Vε(n)∪Ωε), ‖φ˜x0,n‖Hk+1(B(0,ℓ)) ≤ aε(ℓ).
In particular, if we write aε = (aε(ℓ))ℓ, then for each ε > 0 and each n ∈ N, we have the set of
x0 ∈ Ω such that
(8) Vol
({x0 ∈ Ω such that φ˜x0,n /∈ Hk+1d (aε)}) ≤ Vol(Ωε) +∑
ℓ
21−ℓε ≤ Vol(Ωε) + 4ε.
Therefore, we have, for each n ∈ N and each ε > 0 that LMk,U (φn)
(Hkd\Hk+1d (a)) < 4ε+Vol(Ωε).
The statement then follows from Lemma 1. 
As a consequence of Lemma 3 and of Prokhorov’s theorem, we have
Corollary 1. Let k ∈ N, U ⊂ Ω be an open set. There exists a subsequence nj and a probability
measure µ ∈Mdk such that LMk,U (φnj ) ∗⇀ µ, i.e., for all Λ ∈ Ckd , we have
lim
n→∞
〈LMk,U (φnj ),Λ〉 = 〈µ,Λ〉.
In particular, there exists ν ∈ (Cb(FP (d)))∗ such that for all F ∈ Cb(FP (d)), we have
lim
n→∞
〈LM ιkk,U (φnj ), f〉 = 〈ν, f〉 = 〈µ, ιkF 〉.
We will denote by σk,U (φn) the set of accumulation points of LMk,U (φn) for the weak-* topology,
and by σιkk,U (φn) the set of accumulation points of LM
ιk
k,U (φn) for the weak-* topology.
We shall see in Corollary 2 that LM ιkk,U (φn) ⊂Md, and that this set does not depend on k and
on ιk.
Lemma 4. Let U ⊂ Ω, k ∈ N and let µ ∈ σk,U (φn). Then µ is supported on FP (d).
Proof. Let A be a measurable set which does not intersect FP (d). By Ulam’s Theorem ([Dud02,
Theorem 7.1.4]), any measure on a Polish space is regular, so that
(9) µ(A) = sup{µ(K); K compact ,K ⊂ A}.
Let us take a set K ⊂ A, compact for the Hkd topology. For each v ∈ K, we have dk−2(v,−∆v) > 0.
v 7→ dk−2(v,−∆v) is continuous for the Hkd topology, so by compactness, we may find c > 0 such
that for all v ∈ K, we have dk−2(v,−∆v) ≥ c.
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Now, we have
dk(φ˜x0,n, u) ≥ dk−2
(−∆φ˜x0,n,−∆u)
≥ dk−2
(
φ˜x0,n,−∆u
)
+O(hn) thanks to (6).
Therefore, we must have dk(φ˜x0,n, u) ≥ c2 +O(hn), so that dk(φ˜x0,n,K) ≥ c2 +O(hn).
Let V := {f ∈ Hkd;dk(f,K) < c3}, which is an open set.
For each x0 ∈ U , there exists n(x0) ∈ N such that δφ˜x0,n(V ) = 0 for all n ≥ n(x0). By the
dominated convergence theorem, we deduce that LMk,U (φn)(V ) −→ 0. Let χ : Hkd → [0, 1] be a
continuous function taking value 1 on K and vanishing outside V . We have 〈LMk,U (φn), χ〉 −→ 0,
so that µ(K) ≤ 〈µ, χ〉 = 0. The result then follows from (9). 
Corollary 2. Let ν ∈ σιkk,U (φn). Then ν ∈ Md, and ν is independent of k and ιk. In other words,
if F ∈ Cb(FP (d)), k1, k2 ∈ N and ιk1 , ιk2 satisfy (4), we have that 〈LM ιk1k1,U , F 〉 converges if and
only if 〈LM ιk2k2,U , F 〉 converges, and if this is the case, their limits are then equal.
Proof. Let ν ∈ σιkk,U (φn). By Corollary 1, there exists µ ∈ σk,U (φn) such that for all F ∈ C(FP (d)),
〈ν, F 〉 = 〈µ, ιkF 〉.
Since FP (d) is closed, we may define a measure µd on FP (d) as the restriction of the measure
µ. Let f ∈ Cb(FP (d)). We have
〈ν, F 〉 =
∫
Hk
d
ιkFdµ
=
∫
FP (d)
ιkFdµ+
∫
Hk
d
\FP (d)
ιkFdµ
=
∫
FP (d)
Fdµ
= 〈µd, F 〉.
Therefore, ν = µd, so that ν ∈Md and ν does not depend on ιk.
Let us show that ν does not depend on k. Let F ∈ Cb(FP (d)), k1, k2 ∈ N and ιk1 , ιk2 satisfy (4).
Suppose that 〈LM ιk1k1,U , F 〉 converges. Suppose first that k2 ≥ k1. Then, by changing its codomain,
ιk1 can be seen as a map from C(FP (d)) to Ck2d satisfying (4). Since the convergence of 〈LM
ιk2
k1,U
, F 〉
does not depend on the choice of the map ιk2 : C(FP (d)) → Ck2d satisfying (4), we deduce that
〈LM ιk2k2,U , F 〉 converges.
Suppose now that k2 ≤ k1. Then, by changing its codomain, ιk2 can be seen as a map from
C(FP (d)) to Ck1d satisfying (4). Since the convergence of 〈LM
ιk1
k1,U
, F 〉 does not depend on the choice
of the map ιk1 : C(FP (d))→ Ck1d satisfying (4), we deduce that 〈LM
ιk2
k2,U
, F 〉 converges. 
Definition 2. If the conclusions of Corollary 2 are satisfied, we will say that ν is a local weak
limit of φn on U , and write ν ∈ σU (φn). If σU (φn) = {ν}, we will say that ν is the local weak limit
of φn on U .
We now give examples of sequences of eigenfunctions whose local weak limits can easily be
computed.
2.4. Two simple examples.
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A plane wave on the torus. Let ξ1 = (1, 0, ..., 0) ∈ Rd. On Td, consider φn(x) := cos(nx · ξ1). We
have −∆φn = n2φn, and, if x ∈ Td and ~y = (y1, ..., yd) ∈ Rd, |~y| < 1, we have
φx,n(~y) = cos(nx · ξ1 + y · ξ1).
For θ ∈ [0, 2π), we shall write fθ(y) := cos(θ + y · ξ1).
Lemma 5. For any U ⊂ Td open, we have σU (φn) = {µξ1}, where
µξ1 :=
1
2π
∫ 2π
0
δfθdθ.
Proof. Let U ⊂ Td be an open set, let k ∈ N and let Λ ∈ Ckd . We have
〈LMk,U ,Λ〉 = 1
Vol(U)
∫
U
Λ(fnx·ξ1)dx
=
1
Vol(U)
∫
U
Λξ1(nx)dx,
where Λξ1(x) := Λ(fx·ξ1) is a continuous function of x ∈ Td. Fix (x2, ..., xd) ∈ Td−1, and write
Ux2,...,xd := {x1; (x1, ..., xd) ∈ U}. By expanding Λξ1(·, x2, ..., xd) in Fourier modes and using
Lebesgue’s lemma, it is straightforward to check that∫
Ux2,...,xd
Λξ1(nx)dx1 =⇒ Vol(Ux2,...,xd)
∫
T1
Λξ1(x1)dx1.
Integrating over (x2, ..., xd), the lemma follows. 
Concentrating eigenfunctions. Consider (φn) a normalized sequence of eigenfunctions of the Dirich-
let Laplacian in a domain Ω ⊂ Rd, which concentrates on a set of volume zero in the sense that
(10) ∀ε > 0, ∃Uε ⊂ Ω open, with Vol(Ω\Uε) < ε and lim
n→∞
∫
Uε
|φn|2(x)dx = 0.
Lemma 6. If (φn) satisfies (10), then for all open set U ⊂ Ω, we have σU (φn) = {δ0}.
Proof. Let U ⊂ Ω be an open set, let Λ ∈ C0d and let ε > 0. By (8), we see that we may find a
compact set K ⊂ H0d and a n0 ∈ N such that for all n ≥ n0,
Vol
({x0 ∈ U such that φ˜n,x0 /∈ K}) ≤ ε.
By Heine’s theorem, Λ is absolutely continuous on K, so that there exists η > 0 such that ∀g ∈ K,
d0(g, 0) < η =⇒ |Λ(g)− Λ(0)| < ε.
By the assumption we made and Markov’s inequality, we have, for all ε > 0,
lim
n→∞
Vol
({x ∈ U ; |φn(x)| > η}) = 0.
We deduce from this that, for all ε > 0,
(11) lim
n→∞
Vol
({x0 ∈ U ;d0(φ˜n,x0 , 0) > η}) = 0.
Therefore, we obtain that for all ε > 0, we may find nε ∈ N such that for all n ≥ nε,
Vol
({x0 ∈ U such that |Λ(φ˜x0,n)− Λ(0)| > ε}) < 3ε.
We deduce from this that
〈LM0,U (φn),Λ〉 −→ Λ(0),
which gives the result. 
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3. Criteria of convergence
The following lemma gives a useful criterion to determine the weak-* limit of the sequence
LMk,U (φn). It seems classical, but we could not find a proof of it in the literature.
Lemma 7. Let X be a Polish space, and let K ⊂ (Cb(X))∗ be compact for the weak-* topology. Let
µn ⊂ K, and suppose that all accumulation points of µn for the weak-* topology are finite Borelian
measures on X. Let µ be a finite measure on X.
Suppose that there exists A ⊂ Cb(X) a sub-algebra which separates points, such that we have
∀a ∈ A, 〈µn, a〉 −→ 〈µ, a〉.
Then µ is the limit of µn in the weak-* topology.
Proof. By assumption, we know that there exists a probability measure ν on X and a subsequence
nj such that for all f ∈ C(X) bounded, we have
〈µnj , f〉 −→ 〈ν, f〉.
We want to show that ν = µ.
Suppose for contradiction that µ 6= ν, so that there exists f ∈ C(X) with ‖f‖C(X) = 1 such that
〈µ, f〉 6= 〈ν, f〉. Since µ and ν are regular, we may find a compact set K ⊂ X such that
µ(X\K) < |〈µ, f〉 − 〈ν, f〉|
10
ν(X\K) < |〈µ, f〉 − 〈ν, f〉|
10
.
By the Stone-Weierstrass Theorem, we may find a ∈ A such that
sup
x∈K
|a(x)− f(x)| < |〈µ, f〉 − 〈ν, f〉|
10
.
We have
|〈µ, f〉 − 〈ν, f〉| =
∣∣∣ ∫
K
fdµ−
∫
K
fdν +
∫
X\K
fdµ−
∫
X\K
fdν
∣∣∣
≤
∣∣∣ ∫
K
fdµ−
∫
K
fdν
∣∣∣+ 2 |〈µ, f〉 − 〈ν, f〉|
10
≤
∣∣∣ ∫
K
(f − a)dµ−
∫
K
(f − a)dν
∣∣∣+ ∣∣∣ ∫
K
adµ−
∫
K
adν
∣∣∣ + |〈µ, f〉 − 〈ν, f〉|
5
≤
∣∣∣ ∫
K
adµ−
∫
K
adν
∣∣∣ + 2 |〈µ, f〉 − 〈ν, f〉|
5
.
This is absurd, since by assumption, we have 〈µ, a〉 = 〈ν, a〉. The lemma follows. 
Let us describe one application of Lemma 7. Another one will be given in the next subsection.
Let ψ ∈ C∞c (Rd). Then for all k ∈ N and M > 0,
ψˇk,M : Hkd ∋ f 7→ max
( ∫
Rd
f(x)ψ(x)dx,M
)
defines an element of Cb(Hkd). If ψ = (ψ1, ..., ψℓ) ∈
(
C∞c (R
d)
)ℓ
, we set
ψˇk,M :=
ℓ∏
j=1
ψˇk;M ∈ Cb(FP (d)).
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The functions ψˇk,M :=
∏ℓ
j=1 ψˇk;M form an algebra which separates points, hence we have
Corollary 3. Let (φn) be as in (5), let k ∈ N.
Suppose that there exists µ ∈ Mkd such that for all M > 0, ℓ ∈ N and all ψ ∈
(
C∞c (R
d)
)ℓ
, we
have
〈LMk,U (φn), ψˇk,M 〉 −→ 〈µ, ψˇk,M 〉.
Then σk,U (φn) = {µ}.
We shall now give another characterization of local weak limits, in terms of local Fourier coeffi-
cients. For simplicity, we only do the construction in dimension 2, but an analogous construction
could be done in any dimension.
Local Fourier coefficients in dimension 2. Let f ∈ FP (2). The function f may then be
written in polar coordinates as
(12) f(r, θ) =
∑
m∈Z
bm(f)e
imθJm(r),
where Jm is the Bessel function of the first kind of order m. The coefficients bm may be recovered
by Fourier inversion as follows : for any r0 > 0, we have
(13) Jm(r0)bm(f) =
1
2π
∫
S1
f(r0, θ)e
−imθdθ.
When f(r, θ) = eir cos(θ−θ0), i.e., when f is a plane wave, a standard computation shows that
(14) bm(f) = e
−imθ0 .
If N ∈ N, and f ∈ FP (2), we shall write
βN (f) := (b−N (f), ..., bn(f)) ∈ C2N+1.
From (13), we see that for all N ∈ N, r0 > 0, there exists C > 0 such that
(15) ∀f, g ∈ FP (2),d0(f, g) ≤ r0 =⇒ |βN (f)− βN (g)| ≤ Cd0(f, g).
Lemma 8. Let φn be a sequence of Laplace eigenfunctions, and let ν ∈ Md. Suppose that for all
k ∈ N and ιk as in (4), we have
(16) ∀N ∈ N, ∀F ∈ C∞c (C2N+1), 〈LM ιkk,U , F ◦ βN 〉 −→ 〈ν, F ◦ βN 〉.
Then σU (φn) = {ν}.
Proof. The lemma follows from Lemma 7 and from the fact that the functions F ◦βN , where N ∈ N
and F ∈ C∞c (R2N+1) form an algebra which separates points. 
4. Local weak limits of toral eigenfunctions
In this section, we will take Ω = T2 = R2/Z2. If E ∈ N, we set
EE := {ξ ∈ Z2; |ξ|2 = E}, NE := |EE |.
Non-trivial solution to the equation
−∆fE = 4π2EfE
exist if and only if NE 6= 0, and can be put in the form
(17) fE(x) =
∑
ξ∈EE
aξe
2iπx·ξ,
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with aξ ∈ C.
If fE is of the form (17), we set
µfE :=
∑
ξ∈EE
|aξ|2δξ/√E ,
which is a measure on S1.
To state our theorem, we will need some assumptions on the number of arithmetic cancellations
in the set EE .
Definition 3. (1) We say that a set of distinct
ξ1, ..., ξℓ ∈ EE
is minimally vanishing if
(18) ξ1 + ...+ ξℓ = 0
and no proper sub-sum of (18) vanishes.
(2) We say that E satisfies the condition I(γ,B) for 0 < γ < 12 , 3 ≤ ℓ ≤ B, the number of
minimally vanishing subsets of EE of length ℓ is at most NEγℓ
Hypothesis 1. We will suppose that the family of energies E = En, and the family of eigenfunc-
tions fE satisfy the following conditions.
(1) NE →∞.
(2) a−ξ = aξ
(3)
∑
ξ∈EE |aξ|2 = 1
(4) There exists a function g : R+ → R+ satisfying for all δ > 0, g(x) = ox→∞(xδ) such that
max
ξ∈EE
{|aξ|2} ≤ g(NE)
NE
.
(5) µfE
∗
⇀ LebS1 .
(6) There exists B(E) such that lim
n→∞
B(En) = +∞ and E satisfies I(γ,B(E)).
Under these assumptions, we have:
Theorem 2. Suppose that (En), fEn satisfy Hypothesis 1. Then for any open set U ⊂ T2, we have
σU (fEn) = {µBerry}.
Discussion of the assumptions. Point 1. is clearly a necessary condition of the theorem.
Points 2. and 3. of Hypothesis 1 imply that we consider families eigenfunctions which are real
and normalized. We made these assumptions to follow [BW16], but our results easily generalize to
eigenfunctions which are not real, or which have a different normalization.
It is not clear to us if point 4. could be relaxed.
Concerning point 5., we may always assume, up to extracting a subsequence that µfE
∗
⇀ ρ for
some probability measure ρ on S1. If the measure is not ρ, the theorem would still hold with a
similar proof, but the local weak limit we would obtain would be anisotropic. Since µfE
∗
⇀ LebS1
for a density one sequence of E (see for instance [FKW06, Proposition 6]), we chose to present only
this simplest case.
Thanks to [BB14, Theorem 17], Point 6. holds for a density 1 sequence of E.
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Reminder on the constructions and results of Bourgain, Buckley and Wigman. Fix K > 1 large,
δ > 0 and set for −K + 1 ≤ k ≤ K
Ik :=
(k − 1
2K
,
k
2K
]
⊂
(
− 1
2
,
1
2
]
≈ S1
EkE := {ξ ∈ EE ;
ξ√
E
∈ Ik}.
If x ∈ T2, y ∈ R2, we set
f˜x,E(y) := fE
(
x+
y
2π
√
E
)
ψx,E(y) :=
1√
2K + 1
K∑
k=−K+1
bk(x)e
iζ(k)·y,
where
bk(x) :=
∑
ξ∈Ek
E
√
2K + 1aξe
2iπx·ξ
ζ(k) is the middle of Ik.
The proofs of Lemma 5.1 and Lemma 5.2 in [BW16] imply the following lemma.
Lemma 9. Let R, ε > 0. There exists δ > 0,K > 0 and n0 ∈ N such that for all n ≥ n0, we have
(19)
∫
T2
‖f˜x,E − ψx,E‖C0(B(0,R))dx < ε.
We also set
ΨKω (y) :=
1√
2K + 1
K∑
k=−K+1
ck(ω)e
iζ(k)·y,
where (ck)k=1,...,K is a sequence of iid NC(0, 1) random variables, defined on a probability space
(Ω,P), and where ck = ck+K for k = −K + 1, ..., 0.
The following lemma follows from [BW16, Proposition 3.3]
Lemma 10. Let R, ε > 0, δ < 1 < K. There exists n0 ∈ N, Ω′ ⊂ Ω with P(Ω\Ω′) < ε and a
measure-preserving map τ : Ω′ → T2 such that for all ω ∈ Ω′ and n ≥ n0, we have
‖ΨKω − ψτ(ω),En‖C0(B(0,R)) < ε.
Thanks to equation (14), we have for every m ∈ Z
bm(Ψ
K
ω ) =
im√
2K + 1
K∑
k=−K+1
ck(ω)e
−imζ(k)(20)
=
1
2K + 1
K∑
k=−K+1
c′k(ω),(21)
where c′k(ω) has the same law as ck, since ck is isotropic.
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Proof of Theorem 2.
Proof. Let N ∈ N, and F ∈ C∞c (R2N+1). We want to show (16). Let ε > 0. By (20) and the
Central Limit Theorem, we may find K such that
(22) |E[F (βN (ΨKω )] − (βN )∗µBerry(F )| < ε
Equation (19), combined with (15), implies that for all N ∈ N, ε > 0, by possibly taking K
larger, we may find n(N, ε) > 0 such that for all n ≥ n(N, ε), we have∫
U
|βN (ψx,E)− βN (f˜x,E)|dx < ε2Vol(U).
In particular,
1
Vol(U)
Vol{x ∈ U ; |βN (ψx,E)− βN (f˜x,E)| > ε} < ε,
so that
(23)
1
Vol(U)
Vol{x ∈ U ; |F (βN (ψx,E))− F (βN (f˜x,E))| > ε} < Cε,
for some C depending only on F .
By Lemma 10, we have for n large enough
(24)
∣∣∣ 1
Vol(U)
∫
U
F (βN (ψx,E))dx − E
[
F (βN (Ψ
K
ω ))
]∣∣∣ < C′ε.
Hence, combining (22), (23) and (24), we have that for all n large enough,∣∣∣ 1
Vol(U)
∫
U
F (βN (f˜x,E))) − (βN )∗µBerry(F )
∣∣∣ < C′′ε.
We may hence apply point (iii) of Lemma 8 to conclude. 
5. Consequences of Berry’s conjecture
In this section, we present some consequences of our interpretation of Berry’s conjecture.
5.1. Berry’s conjecture at smaller scales. First of all, we show that, if Berry’s conjecture holds
for a family of eigenfunctions restricted to a set U , then it holds for these eigenfunctions restricted
to all the open sets U ′ ⊂ U .
Proposition 2. Suppose that σU (φn) = {µBerry}. Then for any open set U ′ ⊂ U , we have
σU ′ (φn) = {µBerry}.
Corollary 4. Suppose that σΩ(φn) = {µBerry}. Then for any U ⊂ Ω, we have∫
U
|φn|2(x)dx −→ Vol(U).
Proof of the corollary. Up to extracting a subsequence, we may suppose that
∫
U |φn|2(x)dx −→ c
and
∫
Ω\U |φn|2(x)dx −→ c′ for some c, c′ ∈ [0, 1]. We must of course have c+ c′ = 1.
Consider the functionals F, FN ∈ Cdk given by F (f) = |f(0)|2, FN = max(F,N).
We know that 〈FN , µBerry〉 = 1 + oN→+∞(1). Since F ≥ FN , we have Vol(Ω)Vol(U)
∫
U
|φn|2(x)dx =
〈LMU (φn), F 〉 ≥ 〈LMU (φn), FN 〉, so that c ≥ Vol(U)Vol(Ω) . Similarly, we must have c′ ≥ Vol(Ω\U)Vol(Ω) .
Therefore, these inequalities must be equalities, and c = Vol(U)Vol(Ω) . 
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Before proving the proposition, let us introduce some notations.
Let x ∈ Rd. If f ∈ Hdk, we define τxf ∈ Hdk by
(
τxf
)
(·) = f(x + ·). If F ∈ Cdk , we define
τxF ∈ Cdk by
(
τxF
)
(f) = F
(
τxf
)
for all f ∈ Hdk. Finally, if µ ∈ Mkd, we define τxµ ∈ Mkd by〈
τxµ, F
〉
=
〈
µ, τxF
〉
for all F ∈ Cdk .
Lemma 11. Let µ ∈ σU (ϕn). Then, for any x ∈ Rd, τxµ = µ.
Proof of the Lemma. Up to extracting a subsequence, we may suppose that σU (ϕn) = {µ}. Let
F ∈ Cdk . We have
〈LMk,U (φn), τxF 〉 = Vol(Ω)
Vol(U)
∫
U
dx0F (τxφ˜x0,n)
=
Vol(Ω)
Vol(U)
∫
U
dx0F (φ˜x0+hnx,n)
=
Vol(Ω)
Vol(U)
∫
U−hnx
dx1F (φ˜x1,n)
= (LMk,U (φn)) (F ) +O(hn).
Taking the limit n→ +∞, we obtain µ(τxF ) = µ(F ), so that τxµ = µ. 
Proof of Proposition 2. By definition, we have LMk,U (φn) =
Vol(U ′)
Vol(U) LMk,U ′(φn)+
Vol(U\U ′)
Vol(U) LMk,U\U ′(φn).
Up to extracting a subsequence, we may suppose that LMk,U ′(φn) and LMk,U\U ′(φn) have weak
limits µU ′ and µU\U ′ respectively. We then deduce that
µBerry =
Vol(U ′)
Vol(U)
µU ′ +
Vol(U\U ′)
Vol(U)
µU\U ′ .
By the Fomin-Grenander-Maruyama theorem1, µBerry is ergodic for the action of the translations
(τx)x∈Rd . Therefore, since µU ′ and µU\U ′ are τx-invariant by the previous lemma, we must have
µU ′ = µU\U ′ = µBerry as claimed. 
Corollary 5. Suppose that σU (φn) = {µBerry}. If f : U −→ R is a measurable function and
F ∈ Ckd , we have
(25)
∫
U
b(x)F (φ˜x,n)dx −→
(∫
U
b(x)dx
)
〈µBerry, F 〉.
Proof. By Proposition 2, we know that (25) holds when b is a step function. By linearity, it holds
for any simple function, and by density, it holds for any measurable function. 
5.2. Quantum unique ergodicity. Let a ∈ C∞c (Ω × Rd). We define the standard quantization
of a, depending on a small parameter h > 0 as an operator Oph(a) : L
2(Ω) −→ L2(Ω) by
(Oph(a)u) (x) =
1
(2πh)d
∫
Rd
dξ
∫
Ω
dye
i
h
(y−x)·ξa(x, ξ)u(y).
We say that a sequence of functions φn satisfying (5) is quantum ergodic or satisfies quantum
ergodicity if we have, for any a ∈ C∞c (Ω)× S(Rd) that
(26) lim
n→+∞
〈
φn,Ophn(a)φn
〉
=
∫
S∗Ω
a(x, ξ)dµLiou(x, ξ),
1See for instance [NS16, Appendix B] for a proof of this theorem
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where S∗Ω = Ω× {ξ ∈ Rd; ‖ξ‖ = 1}, and µLiou is the Liouville measure, i.e., the uniform measure
on Ω× Sd−1.
We refer the reader to [Zwo12] for more information on the standard quantization, and on
quantum unique ergodicity. Recall that the quantum unique ergodicity conjecture says that, if Ω is
a chaotic billiard, and if (φn) is an orthonormal sequence of eigenfunctions of the Dirichlet Laplacian
in Ω, then (φn) is quantum ergodic.
2
We will now show that, if a sequence of functions (φn) is such that σΩ(φn) = {µBerry}, then φn
is quantum ergodic. In particular, our version of Berry’s conjecture implies the quantum unique
ergodicity conjecture.
Proposition 3. Let (φn) be a sequence of functions such that σΩ(φn) = {µBerry}. Then (φn) is
quantum ergodic.
Proof. Thanks to [Zwo12, Theorem 5.1], it is enough to prove (26) for a in a dense subset of
C∞c (Ω) × S(Rd). By linearity, we may thus restrict ourselves to the case when a(x, ξ) = b(x)c(ξ),
where b ∈ C∞c (Ω), and ĉ is compactly supported. We have〈
φn,Ophn(a)φn
〉
=
1
(2πhn)d
∫
Ω
dx
∫
Rd
dξ
∫
Ω
dye
i
hn
(y−x)·ξb(x)c(ξ)φn(x)φn(y).
Set y = x+ hnz. We obtain〈
φn,Ophn(a)φn
〉
=
1
(2π)d
∫
Ω
dx
∫
Rd
dξ
∫
h−1n (Ω−x)
dzeiz·ξb(x)c(ξ)φn(x)φn(x+ hnz)
=
∫
Ω
dxb(x)φn(x)
∫
Rd
dzĉ(−z)φ˜x,n(z) + o(1)
=
∫
Ω
dxb(x)F (φ˜x,n) + o(1),
where F (φ) = φ(0)
∫
Rd
ĉ(−z)φ(z)dz. Since cˆ is rapidly decaying, F is a continuous functional on
H0d, but it is not bounded. This is why we define FM (φ) :=
{
F (φ) if |F (φ)| ≤M
M otherwise,
which is
bounded. We will prove the following lemma at the end of the section.
Lemma 12. We have
lim
M→+∞
lim sup
n→+∞
∫
Ω
dxb(x)
∣∣∣F (φ˜x,n)− FM (φ˜x,n)∣∣∣ = 0
By (25), we have for any M > 0 that∫
Ω
dxb(x)FM (φ˜x,n) −→ 〈µBerry, FM 〉 = 〈µBerry, F 〉+ oM→+∞(1),
2Note that the quantum ergodicity theorem ([Shn74], [Zel87] [CDV85]) says that if the billiard Ω is ergodic, then
there exists a density one subsequence (nk) such that (φnk ) is quantum ergodic.
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since F is integrable with respect to µBerry. Let us now compute
〈µBerry, F 〉 =
∫
Rd
ĉ(−z)E [FBerry(0)FBerry(z)] dz
=
∫
Rd
dz
∫
Rd
dξeiξ·zc(ξ)
∫
Sd−1
e−iz·θdθ
=
∫
Sd−1
c(ξ)dξ,
since
∫
Rd
eiξ·ze−iz·θ = δz=θ.
We deduce from this and Lemma 12 that〈
φn,Ophn(bc)φn
〉 −→ ∫
Rd
b(x)dx
∫
Sd−1
c(ξ)dξ.
The result follows. 
Proof of Lemma 12. We know that ĉ is supported in a ball B(0, R) for some R > 0, so that
|F (φ)| ≤ C supy∈B(0,R) |φ(y)|2. By the Sobolev embeddings, we know that this quantity is smaller
than a constant times ‖φ‖Hk(B(0,R+1) for some k ∈ N. Therefore, we have
|F (φ)| ≤ C
∫
B(0,R+1)
∣∣∣∣∣∣
k∑
j=0
∆jφ(y)
∣∣∣∣∣∣
2
dy.
When φ = φ˜x,n, we know that, for y ∈ B(0, R+ 1), we have ∆jφ(y) = (−1)jφ(y), unless x is at
a distance ohn→0(1) from the boundary of Ω. Since b ∈ C∞c (Ω), this does not happen when n is
large enough. Therefore, we have for n large enough,
∀x ∈ supp(b), |F (φ˜x,n)| ≤ C
∫
B(0,R+1)
|φ˜x,n(y)|2dy.
We have
(27)
∫
Ω
dxb(x)
∣∣∣F (φ˜x,n)− FM (φ˜x,n)∣∣∣ ≤ ∫
Ω
dxb(x)
∣∣∣2F (φ˜x,n)∣∣∣1|F (φ˜x,n)|≥M
≤ C
∫
Ω
dxb(x)G(φ˜x,n)1G(φ˜x,n)≥M ,
where G(φ) :=
∫
B(0,R+1) |φ˜x,n(y)|2dy.
Let us write, for N ∈ N, GN := max(G,N), which belongs to C0d . We have∫
Ω
b(x)G(φ˜x,n)dx =
∫
B(0,R+1)
dy
∫
Ω
dxb(x)|φn|2(x+ hny)
=
∫
B(0,R+1)
dy
∫
Ω
dxb(x− hny)|φn|2(x)
= Vol(B(0, R + 1))
∫
Ω
b(x)|φn(x)|2dx+ on→+∞(1)
= Vol(B(0, R + 1))
∫
Ω
b(x)dx + on→+∞(1),
as can be easily deduced from Corollary 4.
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On the other hand, we have thanks to (25) that∫
Ω
b(x)GN (φ˜x,n)dx −→
(∫
U
b(x)dx
)
〈µBerry, GN 〉
=
(∫
U
b(x)dx
)
〈µBerry, G〉+ oN→+∞(1)
=
(∫
U
b(x)dx
)
Vol(B(0, R + 1)) + oN→+∞(1).
Therefore, we deduce that
lim sup
n→+∞
∫
Ω
b(x)
(
G−GN
)
(φ˜x,n)dx = oN→+∞(1),
so that
lim sup
n→+∞
∫
Ω
b(x)G(φ˜x,n)1G(φ˜x,n)≥Mdx = oM→+∞(1).
Combining this and (27), we deduce that
lim
M→+∞
lim sup
n→+∞
∫
Ω
dxb(x)
∣∣∣F (φ˜x,n)− FM (φ˜x,n)∣∣∣ = 0,
as claimed. 
5.3. Application to nodal domain counting. If φ ∈ C(Ω), we shall write N (φ) for the number
of nodal components of φ, i.e.
N (φ) = ♯connected components(Ω\φ−1(0)).
If r > 0, we shall denote by Nr(φ) for the number of nodal domains whose diameter is smaller
than r.
If f ∈ C1(Rd;R), the nodal domains of f are the connected components of {x ∈ Rd; f(x) 6= 0}. If
x ∈ Rd and r > r′ > 0, we shall denote by N(x, r, r′, f) the number of nodal domains of f included
in B(x, r), and whose diameter is smaller than r′. We will also write N(r, r′, f) := N(0, r, r′, f),
and N(r, f) := N(0, r, r, f) for the number of nodal domains of f included in B(0, R).
It was shown in [NS16] that the map H1d ∋ f 7→ N(r, f) belongs to L1(µBerry), and that
〈µBerry, N(r, ·)〉 ∼
r→+∞ cNSr
d,
where cNS is a positive constant, called the Nazarov-Sodin or the Bogomolny-Schmit constant.
Actually, the arguments of [NS16] show that we have
(28)
1
rd
〈µBerry, N(r, r′, ·)〉 −→
r→+∞
cNS(r
′),
where cNS(r
′) −→
r′→+∞
cNS .
Proposition 4. Let (φn) be an orthonormal sequence of eigenfunctions in Ω such that σΩ(φn) =
{µBerry}. Then we have
hdnNRhn(φn) −→
n→+∞
cNS(R).
Before proving the proposition, let us state two corollaries.
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Corollary 6. Let (φn) be an orthonormal sequence of eigenfunctions in Ω such that σΩ(φn) =
{µBerry}. Then we have
lim inf
n→+∞
hdnN (φn) ≥ cNS
Proof. For any R > 0, we have N (φn) ≥ NRhn(φn), so that
lim inf
n→+∞ h
d
nN (φn) ≥ cNS(R).
Taking the limit as R goes to +∞ gives us the result. 
One would expect that if σΩ(φn) = {µBerry}, we actually have lim
n→+∞ h
d
nN (φn) = cNS . This is
not easy to show, since by definition, local weak limits only allow us to count nodal domains of
diameter O(hn). There could be nodal domains which are much larger, and we have no bound on
them.
However, we can estimate the number of large nodal domains, and hence, have an upper bound
on N (φn), if we work in dimension 2, and we have a bound on the nodal length of φn.
It is defined as
NL(φn) := Hausd−1 ({x ∈ Ω;φn(x) = 0}) ,
and we refer the reader to [HL13] for a proof that {x ∈ Ω;φn(x) = 0} has a well-defined (d − 1)-
dimensional Hausdorff measure.
It was conjectured by Yau in [Yau93] that the following bound holds in any dimension, in any
domain (and on any manifold), for any sequence of eigenfunctions of the Laplacian.
(29) ∃C > 0, ∀n ∈ N, NV (φn) ≤ C
hn
.
This bound is known to hold when Ω is an analytic domain (or an analytic manifold), as was
shown in [DF88] (see also [HL13] for a self-contained proof). Although some recent breakthroughs
were made in [LM16] [Log18], this bound was not established for general smooth domains or man-
ifolds.
Corollary 7. Suppose that d = 2. (29) holds. Let (φn) be an orthonormal sequence of eigenfunc-
tions in Ω such that σΩ(φn) = {µBerry}, and such that (29) holds. Then we have
lim
n→+∞
hdnN (φn) ≥ cNS
Proof. We have to estimate N (φn)−NRhn(φn), hence, to count the number of nodal domains whose
diameter is larger than Rhn.
The boundary of each such nodal domain will have a length of at least3 2Rhd−1n . Therefore(N (φn)−NRhn(φn))Rhd−1n ≤ NM(φn) ≤ Chn .
We hence get (N (φn)−NRhn(φn))hdn ≤ CR.
Letting R go to +∞, this goes to zero. The result follows. 
3This is not true in higher dimension, which is why we restrict ourselves to dimension 2. Indeed, in higher
dimension, we can find connected sets with volume 1, diameter going to infinity, but with a boundary whose area
remains bounded : for example, take two balls attached by a very thin tube.
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We now turn to the proof of Proposition 4.
Proof. To prove the proposition, we begin by recalling some regularity properties of the map
N(r, r′, ·).
Lemma 13. For any ℓ ∈ N, r > r′ > 0, the sets
Aℓ(r, r
′) :=
{
f ∈ H1d;N(r, r′, f) = ℓ
}
are in the Borelian tribe of H1d, and µBerry(∂Aℓ(r, r′) = 0.
Proof. This result was proven in [NS16, Lemma 6 and §6.2.2] using Bulinskaya’s lemma. The key
point is to note that a function f belongs to ∂Aℓ if arbitrarily small C
1 perturbations of f which
change the number of nodal domains of f included in B(0, r) of radius < r′, which by the implicit
function theorem, implies that there exists either
• x0 ∈ B(0, r) such that f(x0) = 0 and (∇f)(x0) = 0.
• a nodal domain of f which is included in B(0, r), but not in B(0, r).
• a nodal domain of f which is included in B(x, r′), but not in B(x, r′) for some x ∈ B(0, r).
All of these events happen with probability zero. 
We may therefore use the portmanteau theorem to deduce that for any ℓ ∈ N, r > r′ > 0, we
have
(30) (LMΩ(φn)) (Aℓ(r, r
′)) −→
n→+∞
µBerry(Aℓ(r, r
′)).
For each r > r′ > 0, the map f 7→ N(r, r′, f) is bounded by some constant C(r, r′), since we can
pack only finitely many domains of diameter r′ in B(0, r).
We deduce from this that N(r, r′, f) =
∑C(r,r′)
ℓ=0 ℓ1f∈Aℓ , so that, by (30), we have
(31) 〈LMΩ(φn), N(r, ·)〉 −→
n→+∞
〈µBerry, N(r, ·)〉 .
Next, we recall the “sandwich estimate” of [NS16], which make the link between counting small
nodal domains locally and globally.
Lemma 14. Let r, r′ > 0 and φ ∈ C(Ω;R). We have
1
Vol(B(0, R))
∫
Ω
N(x, r, r′φ)dx ≤ Nr′(φ) ≤ 1
Vol(B(0, R+R′))
∫
Ω
N(x, r + r′, r′φ)dx.
Proof. The proof of this lemma is the same as that of [NS16, Lemma 1], but we recall it for the
reader’s convenience.
Let us denote by Or′ the set of nodal domains of φ whose diameter is smaller than r′. If x ∈ Ω
and O ∈ Or′ , we have
O ⊂ B(x, r)⇐⇒ x ∈
⋂
y∈O
B(y, r).
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Therefore, ∫
Ω
N(x, r, r′, φ)dx =
∫
Ω
 ∑
O∈Or′
1O⊂B(x,r)
 dx
=
∑
O∈Or′
∫
Ω
1x∈⋂
y∈O
B(y,r)dx
=
∑
O∈Or′
Vol
({
x ∈
⋂
y∈O
B(y, r)
})
We always have Vol
({
x ∈ ⋂y∈O B(y, r)}) ≤ Vol(B(0, r)). Since O has diameter smaller than
r′, we also have the converse inequality Vol
({
x ∈ ⋂y∈O B(y, r)}) ≥ Vol(B(0, r−r′)). We therefore
deduce that
Nr′(φ)Vol(B(0, r − r′)) ≤
∫
Ω
N(x, r, r′, φ)dx ≤ Nr′(φ)Vol(B(0, r)),
from which the result follows. 
We may apply the previous lemma to φ = φn, r = Rhn, r
′ = R′hn with R > R′ > 1. Recall that
when ε > 0, we write Ωε := {x ∈ Ω; d(x, ∂Ω) < ε}. We have∫
Ω
N(x,Rhn, R
′hn, φn)dx =
∫
Ω\Ωhn
N(x,Rhn, R
′hn, φn)dx+ on→+∞(1)
=
∫
Ω\Ωhn
N(R,R′, φ˜x,n)dx
= 〈LMΩ(φn), N(R,R′·)〉 + on→+∞(1),
where we used twice the fact that N(R,R′, ·) is bounded, and Vol(Ω\Ωhn) = on→+∞(1).
Combining this, Lemma 14 and (31), we deduce that for any R > 1, we have
1
Vol(B(0, R))
〈µBerry, N(R,R′, ·)〉 ≤ lim inf
n→+∞
hdnNR′ (φn)
≤ lim sup
n→+∞
hdnNR′(φn)
≤ 1
Vol(B(0, R +R′))
〈µBerry, N(R+R′, R′, ·)〉 .
The proof of (28) shows that, when we let R goes to +∞, the left and right-hand side of the
previous inequality both converge to cNS(R
′), which proves the result. 
Lower bounds on the number of nodal domains for more general local weak limits. Courant’s nodal
theorem implies that if φn, and hn are as in (5), we have
N (φn) = O(h−dn ).
However, no non-trivial lower bound exist for N (φn), and few examples are known where one can
prove that N (φn) −→∞. We shall now see how local weak limits can be useful to find lower bounds
on N (φn).
A general method for finding lower bounds on the number of nodal domains is the barrier method,
which was introduced in [NS09], which consists in finding small nodal domains which are stable
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under small perturbations. We illustrate here how this general idea can be combined with local weak
limits to find lower bounds on the number of nodal domains. Namely, the following proposition
tells us that if a local weak limit puts some mass on a small neighbourhood of a function with a
stable nodal domain, then the whole sequence of eigenfunctions will have many nodal domains.
Definition 4. Let η > 0 and let f ∈ FP (d). We will say that f has an η-stable nodal domain if
f(0) > η and ∃U ⊂ B(0, η−1) open and connected, with 0 ∈ U , and ∀x ∈ ∂U , f(x) < η.
Proposition 5. Let φn be a sequence of Laplace eigenfunctions with σΩ(φn) = {ν}. Suppose that
there exists η > 0 and f ∈ FP (d) having an η-stable nodal domain, such that
ν
(
Bd0(f,
η
2
)
)
> 0.
Then there exists c > 0 such that
(32) N (φn) > ch−dn .
Proof. Since f has an η-stable nodal domain, if g ∈ C∞(Rd) satisfies d0(f, g) < ε, then g has an
η
2 -stable nodal domain. In particular, 0 is contained in a nodal domain of g included in B(0, η).
Now, by hypothesis, Vol({x0 ∈ Ω, φ˜x0,n ∈ B(f, η/2)}) > 0. Each point in this set of positive
volume, is contained in a nodal domain of radius ηhn. (32) follows. 
5.4. L∞ norms.
A lower bound. Let (φn) be an orthonormalized sequence of eigenfunctions such that σΩ(φn) =
{µBerry}. Then we have
(33) ‖φn‖L∞(Ω) −→
n→+∞
+∞.
Indeed, for any M > 1, let χM ∈ C∞c ((M − 1,M + 2), [0, 1]) take value 1 on [M,M + 1]. Then
the map FM (f) = χM (|f(0)|) belongs to C0d. Therefore, we have by assumption
〈LMΩ(φn), χM 〉 −→
n→+∞
〈µBerry, χM 〉 > 0.
Now, we note that 〈LMΩ(φn), χM 〉 ≥ Leb{x ∈ Ω; |φn(x)| ∈ [M,M + 1]}. We easily deduce from
this that lim inf
n→+∞
‖φn‖∞ ≥M . Since this is true for any M , (33) follows.
No upper bound. If (φn) is an orthonormalized sequence of eigenfunctions such that σΩ(φn) =
{µBerry}, we cannot in general obtain an upper bound on ‖φn‖L∞ which is any better than the
usual Ho¨rmander bound. The reason for this is that the local weak convergence captures information
about how the eigenfunctions look like at typical points, while the eigenfunctions become very large
at very non-typical points.
We illustrate our point with a heuristic example on the sphere (which hence, does not enter
exactly the context of this paper, concerning domains in Rd. If (φn) is an orthonormal sequence of
eigenfunctions on S2 and U ⊂ S2 is a small open set, we may work in a frame in U to define the set
of local weak limits of φn in U , still denoted by σU (φn). They will in general depend on the frame
chosen, but we can say that (φn) satisfies Berry’s conjecture if, for any U and any frame on U , we
have σU (φn) = {µBerry}.
If (φn) is a sequence of randomly chosen spherical harmonics (as in [NS09]), then one can show
that, with high probability, (φn) satisfy Berry’s conjecture.
Let ψn be a sequence of zonal spherical harmonics, which achieve their maximum at the north
pole, and let rn be a sequence going to zero arbitrarily slowly. Then the sequence un :=
φn+rnψn
‖φn+rnψn‖L2
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satisfies Berry’s conjecture. Indeed, away from a very small neighbourhood of the north pole, these
functions behave just like φn. On the other hand, with high probability, we have ‖un‖L∞ ∼
rn‖ψn‖L∞ . Since (ψn) saturates the Ho¨rmander L∞ bounds, we see that un does almost saturate
these bounds.
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